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Abstract: The article is concerned with the problem
of controlling the glucose concentration in blood with
minimal application of invasive measuring. The
mathematica model of digestion of recepted glucose,
which depends on the volume of consumed carbo-
hydrates (ingtantaneous, fast, slow) has been devel oped.
The mathematical mode is built for long-term observa-
tions with the use of specially organized experiments.
The blood glucose level depends on the intensity of the
effect of insulin, that is why the mode of insulin
dynamics has been developed either. The accumulated
insulin is presented as combination of the insulin
produced by the body and the insulin coming from
injections. The Levenberg-Marquardt method is used to
identify the blood glucose dynamics.

Key words nonautonomous model, glucose dynamics,
diabetes mdlitus, identification, digribution modd.

1. Introduction

Diabetes mdlitus is ranking the third most widespread
and dangerous disease in the world, which is associated with
the change of environmenta factors, as well as gendtic and
demographic characteaigics of the human body, and
concentration of its risk factors in populaions (eg. obesity,
hypertengon, high indidence of cardiovascular diseases, lipid
metaboliam disorders ec.). This leads to early disability of
patients with diabetes, due to the presence of complicaions
of the dissase. Panareasisrespongblefor the glucose leve in
ahuman body: it produces hormones of insulin and glucagon,
which dlow incessng o decressng the glucose
concentration in blood. However, the patients with diabetes
melitus suffer from pancreas malfunction in combination
with the decreased susceptibility to insulin. It results in
oscillation of glucosein blood and, particularly, occurring the
casss of hyperglycemia (high glucose concentretion) and
hypoglycemia (low concentration).

Contralling the glucose concentretion in biood is crudal
for the andlyss of the date of patients with diabetes mellitus.
Ingegtion is one of the important factors that influence
glucose leves, The empiric sdection of a nutrition mode
contains the risks of exceeding the maximum or minimum
allowable glucose concentration in blood. Thoserisks can be
consderably reduced with the use of mathematicd modd of
glucoe levd in blood, which condders individual
peculiariies The exiging mathemdicd modds are

phenomendogical ones and don't provide the possibility to
conduct identification based on the observation results of a
specific patient. Therefore, the development of mathematical
model of glucose dynamics during the digestion process of a
concrete patient isan urgent problem.

The mgjority of plasma modds of the blood glucose
dynamics were built on data provided by the intravenous
glucose tolerance tet (IGTT): the modes of Bergman, Roy,
Cobdli, Hovorka and others were built on this princple
[1-5]. During thistest a patient receives one glucose injection
on the empty stomach. Blood insulin levels are measured
before the injection, and again a specific intervals after the
injection. Thetiming may vary, but the main point of the test
is to measure glucose dynamics. Usudly the test takes about
3 hours with a 10-minute measurement interval. The IGTT
shows increased glucose leves for the patients with diabetes
mellitus, while the gandard for normd toleranceisareurnto
theinitial glucose levd in blood. However, diabetes mdlitus
isnat the only cause of thelow glucosetoleranceindex. Liver
malfundions, obesity, medications and infections may also
cause such resultsof the IGTT [6]. Thus IGT T-based modds
cannot describe the glucose dynamics during the day, sincea
patient eats throughout the day. And dnce it is necessary to
take into account the digestion process, the ora way of
receiving glucose isamoreintricate problem for simulation
of glucose dynamics.

Breton’s model alows estimating the glucose dyna-
mics in blood under the influence of physical activities
[7]. It considers one-time glucose injections only.

Recently, the method of glucose concentration
control by an insulin pump was intensely used [8-10].
However, the insulin pump has a few drawbacks. Its fre-
guent usage reduces the pancreas hormone-productive
function, which results in its non-operability; there is a
risk that a patient would not be provided with a
necessary insulin dose because of operational or other
device failures. So the question, that remains pressing, is
that the patients should control the glucose concentration
in their blood by themselves considering their nutrition.

Thereceipt of glucose from outside of the human body
plays an important role in contralling its levels in blood.
The quantitative estimation of the glucose received with a
meal and the peculiarities of its digestion have an obvious
importance, since nutrition process takes place every day.
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The numerical experiment of the glucose concentration in
blood, that depends on the volume and contents of nutrition
during the active twenty-four hour period can be conducted
with the help of math modds. Identification will alow usto
adapt the congtructed modd to the features of an individual
organism.

2. Mathematical model of glucose level during
twenty-four-hour s period

An individual consumes carbohydrates with each meal
containing starch or sugar. Carbohydrates decompose into
glucose and other components and are integrated into blood
through the intestine walls during the digestion process.
Cdls consume glucose that enters them with blood
circulation, converting it into energy. However, glucose
needs a special hormone, namdy insulin, in order to
penetrate into the cdl. The leve of glucose in blood rises
after having a meal. Glucose is turned into energy by the
cdl with the hep of insulin hormone, thus the leve of
blood sugar is reduced. If insulin is ether under-produced,
or does not provide penetration of glucose into the cell, the
level of glucosein blood artsrising [11].

The main purpose of the diabetes mellitus treatment
is the maintenance of glucose level in blood as close to
normal as possible. Unfortunately, an individua is
practically not capable of fedling the changes of glucose
levels between 4 and 10 millimole per litre[11]. Thisisa
treachery of diabetes mdlitus, because high level of
glucose in blood unavoidably leads to the complications
of a disease (obesity, hypertenson, high rate of cardio-
vascular diseases, disorders of lipid metabolism, stroke,
heart attack, diabetic retinopathy, nephropathy, diabetic
microangiopathy in ischemic limb). Only regular and
frequent self-control of glucose in blood allows to avoid
the deterioration in the patient’ s condition.

The devel opment of a mathematical modd allowing
to estimate the general volume of glucose which comes
in depending on the volume and the components of the
daily nutrition scheme isadvisable in this case.

The Breton modd is taken as a prototype for the

concept [5]:
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The firg equation of the modd describes the blood
glucose dynamics, where G(t), mmol/l is the current

glucose leve in blood plasma; G, mmol/l is the initial

glucose level in blood plasma; p,, min is a coefficient
that accounts for decrease of the glucose level; p, is a
coefficient that accounts for increase of the glucose leve as
a result of nutrition; G,(t), mmol/(I-min) is the time-
dependence of the change in glucose leve due to receipt of
nutrition during twenty-four hour period; X(t), U/(I-min)
isachangein remoteinsulin leve in the course of time; the
insulin is measured in unitsthat can be recalculated in mi in

such away: 1 m=100 U; S is a coefficient that takes into
account short changes of cardiac rhythm as a result of
physicl activity, Y (t), Lmin is a filtered differential
cardiac rhythm that indends to mimic the increase in the
energy expenditure dueto physical activity.

The second equation of the model describes the
insulin dynamics, where p,;, 1/min is a coefficient that

characterizes insulin behavior and its activity; §, 1/min

is a coefficient that describes patient’s sensitiveness to
insulin, g(t), U/mmol is the intensity of insulin pro-

duction; I, U/l isaninitial level of insulin.

The third equation of the modd represents filtered
differential cardiac rhythm that imitates the increase of
energy expenditure due to physical activity, where dH
is a difference between the cardiac rhythm after the
physical activity and itsinitid value; t 5, min isatime
constant that accounts for reaction of cardiac rhythm to
the energy expenditure.

In order to simplify the moddl on theinitial stage we
eliminate the influence of physical activities. Also we
eliminate the influence of intramuscular insulin on the
glucose concentration in order to take into account only
the observable values. Thus, the equations (2) and (3) are
eliminated and the components that include remote

insulin dynamics X (t) and differential cardiac rhythm

Y(t) are removed from the first differentia equation.
So the model has been reduced to the following form:

%G(t) = p,G(D)- Gy) +PGn(). ()

The observation of the blood glucose dynamics and
the glucose dosage during the food consumption shows
disparity of volume of the consumed glucose and its
concentration in blood. It has provided for the intro-
duction of a hypothesis about considering the influence
of the type of consumed glucose on its concentration in
blood. Since it is common to divide carbohydrates into
instantaneous, fast and dow, we differentiate the vari-
ables that represent the volume of glucose received with
a mea accordingly: Gmy(t) is a change in glucose level
due to instantaneous carbohydrates; G(t) is a change in
glucose level due to fast carbohydrates; Gg(t) is a
change in glucose level due to dow carbohydrates. It
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leads to the modification of the differential equation (1).
As aresult, we obtain the following model of the glucose
dynamics over twenty-four hours:

%G(t) = (G- Gy)* + Pr(Gra (1) +

+Gpa () + Gz (1)) - ©)
However, such a model doesn’'t set apart the
influence of the insulin hormone on the digestion of
glucose. The concentration of insulin has a crucial
importance for the patients with diabetes. The malfunc-
tion of every metabolism type occurs due to the lack of
insulin in the body. Therefore, the insulin level must be
included in the model, taking into account that the
intensity of the hormone impact is not permanent, but
decreases substantially after reaching a certain barrier.
We show the cumulative insulin dynamics being present
in a patient’ s organism as a combination of the dynamics
of insulin I (t), U/(I-min) produced by the organiam (i.e.
human insulin) and insulin N (t) , U/(I-min) coming from
injections (i.e. insulin analogue). We take also into
account that, due to the complexity of measuring insulin
concentration, it is assessed by the means of
mathematical modeling on the basis of its impact on
glucose concentration. Thus, the equation (5) is
transformed as follows:
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where p,, mmol/l is a coefficient that is used to describe

nonlinear time-dependence of insulin; g,, mMMol/U is a
coefficient that describes glucose absorption by the hep of
human insulin; g,, mmol/U is a coefficient that describes
glucose absorption by the help of insulin analogue; L isthe
number of nutrition receipts; t,, min is the time of | -th
nutrition receipt; K isthe number of insulininjections.

We represent the dynamics of the human insulin
with a differential equation. This equation considers
insulin production affected by glucose exceeding its base
level and certain intensity of insulin disintegration
caused by insulin exceeding its own base level

%l(t) = ps(GM)- Gy - p(I®)- 1), (7)

where p,, U/(mmol-min) is a constant that characterizes
the rate of production of human insulin; pg, /minis a

constant that accounts for insulin disintegration.

The obtained modd contains some time-distributed
values, which are difficult to observe, such as the
digestion of consumed glucose and insulin coming from
injections.

3. Devdopment of expressions for time-dependences
of consumed glucose and insulin analogue concentr ations

The problem of building up the function describing
time-dependence of consumed glucose and insulin
ana ogue concentrations rises up due to the fact that it is
relatively easy to determine the volumes of consumed
carbohydrates and insulin, however these factors don't
operate instantly. The time-dependence of the indicated
factors can be developed on the basis of time
dependences of glucose and insulin levels after single
glucose injection [3]. The analysis of such depencences
allows usto approximate them with a simple and genera
parabolic function [12]. It is known that the meal diges-
tion process is completed during a certain time t,. The
change in the glucose concentration in blood due to
nutrition receipt has to reach its maximum by that point
of time and then it starts going down. This phenomenon
is modelled by a simple parabolic dependence with the
use of exponential function:

G (1) = (& - by (t- 1) - 0.5t;)%1)e -0 x
gt-tal, +t4 - 1), (8)

where G (t,t|) is glucose dynamics (i.e. a change in
glucose level) as aresult of consumption of the i -th type
carbohydrates at the moment t | ; g , mmol/(I-min)isthe
maximal value of glucose dynamics; a;, b,
mmol/(I-mir?), b;, min® are model coefficients; t,; is
the duration of the i -th type carbohydrates digestion;
g(¥ isHeaviside step function.

Meanwhile, the tota volume of digested carbohydrates
must coind de with the volume of ther consumption

¥ L_ .
bla Gni (tt))dt = Gmi » 9)
¢ 121

where t =min(t,) is the moment of the first mesl

receipt; G:m is the total volume of the consumed i -th
type carbohydrates.

The parameters a;, b; are set empirically and by,
g; aredetermined by the following expressions:

*

Gmi
b= ' . ()
o((0.5t,)%i - (t- 0.5t,)% )t
0
& =h (0.5t, ). (11)

The offered model of glucose dynamics due to
consumed carbohydrates has provided the acceptable
accuracy of moddling the blood glucose dynamics
during two meals. For longer observation periods it is
necessary to increase the simulation accuracy for the
glucose dynamics from carbohydrates. This can be
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achieved by using specially-organized experiments. The
andysis of the results of such experiments proved the
necessity of using piecewise cubic Hermite polynomias

H(t,'F,VV) which minimize the function fluctuation

between the nodes of interpolation. Here (?,VV)

represents some collection of temporary nodes and
corresponding values of the interpolated function:

Grt:,i tt)= G:n.i Omi (tt))
gm,i (t7t |) = Hm,i (t - t | 1-T—;1W;)

(12)
(13)

*

where G, isthe volume of glucose consumed with the

m,i

i -th type carbohydrates at the moment t | and

Receipts of glucose with food
7 T T T

--------- instantaneous carbohydrate
................. fast carbohydrate
slow carbohydrate

glucose, mmol/l

5 10 15 20 25 30 35
time, hour

a)

calculated using the calorie calculator; g, (t,t,), min™

is the profile of glucose dynamics in consequence of the
i -th type carbohydrates at the point of time't | .

The parameters of the Hermite polynomials are set
on the basis of interpolation of the experimental
observations of glucose levels after consumption of the
i -th type carbohydrates.

We observed a patient with diabetes mellitus for two
days in order to investigate the efficiency of the
proposed models.

Thus, the Fig.la) represents the distribution of
consumed glucose during the first twenty-four hours and
Fig.1lb) does the same during the second day.

Receipts of glucose with food
7 T T T

--------- instantaneous carbohydrate
,‘-: ................. fast carbohydrate
slow carbohydrate

&l

w

glucose, mmol/l

5 10 15 20 25 30 35
time, hour

b)

Fig. 1. Distribution of glucose receipt:a) during the first twenty-four hours; b) during the second twenty-four hours.

We don’t observe the dynamics of insulin in domes-
tic environment. However, the coefficient of glucose
disintegration intensity is significantly lower in compa-
rison with the insulin effect. For the patients with type 2
diabetes, the effect of insulin analogue is significantly
more intensive than that of human insulin. The changein
insulin analogue leve is proportional to glucose redun-
dance, that is why the dynamics of insulin analogue is
proportional to the dynamics of glucosein blood.

Thus, the digribution of insulin analogue is
determined by the distribution of glucose in blood:

N(tt))= Nt*HN(tI - 1T W) (14)

The reduction of the glucose concentration in blood
corresponds to the reduction of the concentration of
insulin analogue. Therefore, we determine the
coefficients of the polynomial Hy from the task of

interpolation of glucose values after the last meal; the
insulin injection isadministered 30 min before the medl.
The digtributions of insulin are identical during the
firs and the second day, since an identicad dose of
insulinis used at the same point of time.

Fig. 2 shows the simulated distribution of insulin
analogue that was administered at 8 am and 6 pm with
dosages of 16 and 20 units.

Distribution of insulin in consequence of injections
25

20 \
15

IR
\J

5 10 15 20 25 30 35
time, hour

u/ml
/
\
/

Fig. 2. Distribution of insulin.
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In order to estimate the dynamics of glucose during
next twenty-four hours, it is necessary to conduct model
identification during the first twenty-four hours. Such
prognosis allowi us to control the level of glucose and
avoid injuring the patient with the frequent skin pricking.
Fig. 3represents the diagram of model identification
during thefirst twenty-four hours.

Lewel of glucose in blood, err=4.7085%
11.5

%X obsenation

11 model

A

:
: |

T
NI S
G

Glucose, mmol/l

7.5

5 10 15 20 25 30 35
Time, hour

Fig. 3. Identification of the model during
the first twenty-four hours.

The eror of identification for the modd (6) is
4,7085 % for the first day. It is necessary to predict the
dynamics of glucase during the second day on the basis of
the modd’s coefficients which we got as a result of
identification during the first twenty-four hours in order to
veify the efficiency of our identification. Setisfactory
precison of forecast will alow smulation of the glucose
levdl dynamics without numerous traumatic empiric
measurements. The dynamics prediction isshown in Fig. 4.

The acceptable level of relative error (8,0045 %)
allows using the developed model for the prediction of
glucose level dynamics of a patient on the basis of
measured volume and character of the meals and the
volumes of insulin injections.

Level of glucose in blood, error=8.0045 %
12 T

* observation
11.5

model 7
11
ran.
10.5

10

Glucose, mmol/l

95 l
4 A |

\J
N NG

<
b =

8.5

75 |

5 10 15 20 25 30 35
Time, hour

Fig. 4. Prediction of glycemia dynamics during
the second twenty-four hours.

4. Conclusion

The models of glucose dynamics in the process of
food consumption that depends on the volume of the
consumed carbohydrates (instantaneous, fast, dow) are
first offered in this article. Models are based on the data
from long-term observations. The majority of scientists
use short-term models. Particularly Begman, Cobdli,
Hovorka, D.Roy apply one-time glucose injection and
monitor its dynamics for 3 hours.

However, it is difficult to prognose the glucose level
in blood as a result of such observations. It is due to the
fact that the ssimulation problem for dynamics of glucose
received orally is very complicated, since it is necessary
to consider frequent reception of glucose and the
processes of its assimilation. The modd of distribution
of glucose intake to blood during the given process is
offered on the base of the Breton model. For the long-
term periods the exactness of carbohydrates distribution
is presented with the use of gspecially-organized
experiments.

The glucose dynamics also depends on the insulin
dynamics. Consequently, the insulin dynamics must be
included into the model. The intensity of the insulin
activity in blood is estimated by the means of mathe-
matical modeling of its effect on the glucose concen-
tration in blood. The cumulative insulin is presented as
combination of human insulin and insulin analogue.

The Levenberg-Marquardt method is used for
identification of the offered models. The identification of
the modd is conducted on the basis of experimenta data
during first 24 hours with an error of 4.7085%. The
glucose dynamics is predicted for the next twenty-four
hours on the basis of the identified model. The error of
the prediction is of 8.0045 % which confirms prognosis
properties of the offered modd.
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MATEMATHYHA MO/JEJIb
KOHIIEHTPAIIIL I''”TIOKO3H B KPOBI
MHPOTAT'OM J1OBU

IOmis Yaiikiscpka, Poman ITaciunuk,
Haramis ITaciunuk

Y miff  crarti  po3risSHYTO  HpOOJEMYy  KOHTPOIIO
KOHIIEHTpaIil IIIOKO3U B KPOBI 13 MiHIMI3alli€r0 3aCTOCYBaHHS
IHBa3UBHMX BHUMIpIOBaHb. P0o3po0ieHO MaTeMaTH4Hy MOZEINb
PO3MOALTY MOCTYIUICHHS TJIIOKO3H, IO 3AJIeKUTH Bif 00cCsATy
CIOXKUTUX  BYIJIeBOAiB  (MHUTTEBi, IIBHMIKi, IOBiJbHI).
MaremaTudHy Mozenb MOOYIOBaHO [UIsl  JJOBrOTPHBAIIMX
CIIOCTEPEIKEHb 13 BUKOPUCTAHHSAM CIICLiaJIbHO-OPraHI30BaHUX
€KCIIepUMEHTIB. PiBeHp INIOKO3M B KpPOBI 3aJIeKHUTh Bif
IHTEHCUBHOCTI [ii TOPMOHY IHCYNiHY, TOMY I00YZOBaHO
Mozienb AMHAMIKH iHCyniHy. CyKyInHUi iHCYIIiH NpeICTaBICHO

SK MO€JHAHHA IHCYNHY, IO BHUpPOOJSIETHCS OPraHi3MOM Ta
IHCYITiHY, 110 nocTynae 3 in'exuiid. [ inentudikaiii mHamMiku
IJIIOKO3H B KPOBI BUKOpHCTaHO MeTox JleBenOepra — Maksapyra.
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