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Abstract

Non linear expansion of classic dynamic model (rm-model) on ecological
economic system case is proposed. It is outlined in the issue that main trajectory
of sustainable development of such kind system exists when non linear model
functions are non negative steadily increasing linear homogeneous ones.
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Non linear model of input-output ecological economic balance was pro-
posed and the question of its non negative solution existence has been investi-
gated in [1]:

x;: (D11(x11) +(D12(x22) + y11, y12> 0, (1)
X==@y(X') + Dp(x7) -y, ¥y >0,

where x' — column vector of national product of the main production, y' — col-
umn vector of final production, x> — column vector of pollutants dispose by
means of additional production (purifying devices), (D11(X1) — column vector of
material production waists on product unit (direct material waists of the main
production vector), <D12(x2) — column vector of material production waists in unit
pollution damage by purifying devices, ®,(x') — column vector of pollutants
production by means of the main production, d>22(x2) — column vector of pollut-
ants production by means of additional production (pollutants dispose).

Sufficient condition of non negative solution existence and uniqueness
x =(x',x?)" obtains the form [1]:

Dy (y') 2 y2.(2)

Dynamic linear model of input-output ecological economic balance model
was proposed and the subject of main developments existence and uniqueness
has been investigated [2]. This is expanded version of classic m-model [3]. This
article deals with the following expansion which means the transition of dynamic
input-output model of ecological economic balance on non linear case.

It is proposed the following model of optimal ecologic economic develop-
ment:

(3)

yE < Hi(x))+ Ha(xF),
x{ 20,x2>0,¢ 20,62>0,n] 20,n2>0,L, 20,y >0
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where 5(1) >0 and fg >0 are given vectors.

In model (3): x; — vector of full production in the period t; x? — vector of
pollutants utilized by purifying devices; y,2 — vector of pollutants in the environ-
ment (indisposed pollutants); 52 — vector of power in production; §t2 — vector of
power in pollutants dispose; n} — vector of power increase of producing indus-
tries; nf — vector of power increase of purifying devices; (Dﬁ(x}) — vector of
material wastes in producing by basic production in x;; ®,,(x?) — vector of ma-
terial wastes in purifying devices in case of pollutants utilization in xZ; ®,,(x;)

— vector of pollutants production in case of production x}; ®,,(x?) — vector of
the second pollutants production by purifying devices in case of pollutants utili-
zation in x,2 ; Dy (n}) — vector of material wastes in additional increase of basic

production power construction in n} ; D12(nt2) — vector of material wastes in ad-
ditional increase power of purifying devices construction nf; D,, (n}) — vector of

pollutants production of power increase of basic production in n}; Dy, (17,2) -
vector of pollutants production in construction of power increase of purifying de-
vices in nZ; H,(x]) — vector of technological outliers into environment by basic

producer in the production process in x} ; H2(x,2) — vector of technological out-
liers of pollutants into environment by purifying devices in case of pollutants utili-
zation in x,z; c' >0 — vector of natural payment per one worker-producet,

c2 >0 - vector of issue of domestic contaminations per one worker-producer;
f,(x}) — scalar function of economic effect of production in x}; f,(x?) — scalar

function of economic effect of pollutants utilization in x?; /'(x;) — scalar func-
tion of labor resources wastes of products issue x;; /?(x?) — scalar function of

labor resources wastes for utilization of pollutants x2; L, — total number of
workers in period t.

Let us investigate a state of equilibrium for ecological economic system
(1). Relevant stationary trajectory of intensity of equilibrium system is deter-

mined by increase tempo ATs1, by Neumann ray
X=(x",x2,6",62,n",n?,y?,L) and obtains the form
xt(t)= KXY xB(ty = A'x3, gl () = ATEY, €8 () = ATER,
nit) ="', nf(t) =A%, yE(t) = AyE L =KL
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Let us assume that all non-negative steadily increasing scalar and vector
functions acted in model (3), that is £(-), (), @1()s P12()s DPoy(-)s Do ("),

D11(')’ D12(')’ 021(')’022(')’ /1(')’ /2('), H1(')’ H2() are linear homogenous,
thus:

f(Ax) = Af(x) when A>0.

In this case if we substitute relation (4) into the model (3) for equilibrium
position (A, x',x?,E",62 n" ,n?,y?,L) with capital T we receive optimal prob-
lem

A — min,

X' 2 @ (x7) + @i5(x) + Dyy(n') + Dyp(n?) + LcT,

X2 2 @gy(x") + By (x?) + Dy (n') + Do (%) + Lc? - y'2,

x' <AEY, x2 < AER, (1-ANE' <!, (1-A)E? <n?, (5)
MxY+12(x®?) < L,

y2 < Hi(x')+ Hy(x?),

x'>0, x>0, €20, 6220,n'20,n2>0, L>0, y?>0.

Taking into consideration that 0 < A <1 (this special case is the subject of
research) we have

thus

and considering the fact that vector-functions Dy4(-), Di5(), Doi(-), Dop(-) are
non-negative steadily increasing and linear homogeneous, we get

1-A 1-A
Dy1(n') 2 —=Dyy(x"), Dip(n?) 2 —=Dip(x?),

1-A 1 oy 1-A
D,,(x"), D >
A b1(X7), Da(N®) a1

Let us introduce the following vector-functions

Dy (n') = Dy, (X?).

I"(x")e" = Ryy(x"), 13(x?)c' = Ry (x?),

I'(x")c? = Ry (x"), 17(x®)c? = Ry (x?),
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that are non-negative steadily increasing and linear homogeneous vector-
functions.

It obvious, that

x> @y(x 1)+(D12( 2)+Dy1(n") + D2 (n?) + Le' 2

> @ (x")+ 1 Dﬁ( N+ @y (x2) + ¥D12(x2)+(/1(x1)+/2(x2))c12

-4 D11(X1))+(CD12(X2)+R12(X2)+¥D12(X2))7

2((’311()‘1)+"'—”11()(1)+

X% 2 @ (x") + @ (%) + Dyy (') + Dyp (n?) + Le® — y? 2
-A A

Dyt (X") + @y (x?) + 1A Dyy (X2) + (I'(x") + 12 (x?))c® — y? 2

2 ((D21(X1)+F”21(X1)+_TAD21(X1))+(‘D22(X2)+sz(xz)"‘

After multiplication of both parts of the inequalities on A >0 we get the
following vector inequality

MO(x)+ R(x) — H(x) + (1- A)D(x)) < Ax, (7)
where vector-functions

() - (%(x‘ +<D12(x2)]’ R(X):(Hﬁu‘)mm(x?)}
1(X1 +(D22(X2) R21(X1)+H22(X2)

(

(

)

)

1 2
D(x) = [ 1X1)+D12(X2)} H(x):[o 1 2}
Doy(x") + Doy (x<) Hi(x")+ Hy(x%)

are non-negative steadily increasing and linear homogeneous ones of vector ar-

gument x = (x',x%)".

Thus, the problem of maximization of tempo increasing balance ecological
economic system is considered to be such non-linear optimal model:

A—-min, QA X)<Ax,x2>20, (8)
where
Q(A, x) = A(@(x) + R(x) — H(x)) + (1- A)D(x). 9)

Let us consider in details vector-function ®(x)+ R(x)— H(x), which is lin-
ear homogeneous one. If H(x) indicates vector of sum technological outliers of
pollutants into environment by basic production and purifying devices then from
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economic point of view it is obvious that it is smaller amount of basic production
of pollutants of industries, purifying devices and domestic contaminations Then
vector-function @(x)+ R(x) — H(x) can be non-negative. It our second assump-

tion concerning matrices @(x), R(x) and H(x) (we remind that our first as-
sumption was connected with linear uniform of analyzing scalar and vector func-
tions ).

In the work Solow, Samuelson [4] for the first time the non-linear problem
about eigenvectors Av; = H;(v4,V,,...,v,)(i =1,2,...,n) is investigated, where all
H; — linear homogeneous functions which are steadily increasing. In Morishima
work [5] the following assertion is proved:

Assertion. Let x — n-dimensional vector (x1,x2,...,x,,)T,

H= (H1,H2,...,Hn)T is also n -dimensional vector, and its very component H,
is continuous function of x . If every function H; is non-negative linear homoge-
neous function of non-negative argument x >0, than non-linear problem about
eigenvectors

AV,‘ = HI(V), I= 1,2,...,”

has solution in case of non-negative A,v,,v,,...,v,, and vector v can be chosen
is a way that

M
=
I
—

Il
—_

In work [6] we can see such lemma:

Lemma. Let us have Q(A)—nxn — matrix, in is definite, continuous on
the interval [A,A;], 0< Ay <A,. Let y,,y, — Frobenius numbers of matrices
Q(A),Q(A,) respectively, and v, < Ay, v, < A, . Then the problem

n
A—-min, QA)Xx <A, x>0, X x; =1

i=

has unique solution (A, X), and:

QA)X =X ;
A — Frobenius number of matrix Q(A) ;
X — Frobenius vector of matrix Q(A) ;

X>0, A SA<A,.
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Using the consideration that lies on the basis of assertion and lemma we
can use them concerning non-linear optimal problem (8)-(9). First of all, we put
Ay =0 and A, =1. We have Q(0,x) = D(x), Q(1,x)=®(x)+ R(x)—H(x). They
are Frobenius numbers correspondently y, >0, y, <1. For vector-function
Q(A, x) = A(@(x) + R(x) — H(x))+ (1- A)D(x) all lemma conditions act, is we as-
sume (this is the third assumption about @®(x), R(x), H(x),D(x), that vector-
function Q(A, x) is productive for all 0 < A <1. Productivity means mathemati-
cally that its Frobenius number is strictly less then one.

Thus, we can affirm that non-linear optimal problem (8)-(9) has unique so-
lution A <1,x>0.

Let us pass over to search of ecological economic system equilibrium (3).

Let (x,&,n,y2,L) —is arbitrary vector which satisfies inequalities system

in (5), which is the solution of the system in condition A = A . We can demon-
strate, that from the conditions 0 < A <1 and (x,¢,n, y2, LYy#0 itisclear, x#0.
From the system in (5) we have inequalities

Because R(x)=/(x)c, from (5), (11) we have

Because A is the Frobenius number, that is clear, that (12) can be true
only in the case, when x is the Frobenius vector. It means, that in (12) inequal-
ity are transforming into equalities. We get from here

1-A

1-A
D11(X1)+H12(X2)+ 3 D12(X2)= Lc' +D11('71)+D12('72),

R (x") + —
11( ) A

1-A 1-A
R21(X1)—H1(X1)+TD21(X1)+R22(X2)—H2(X2)+TD22(X2)=

= Lc? +D21(n1)+D22(r72)—y2.

Because




392 Yuriy Tadeyeu
On Main Trajectory of Non Linear Model

of Input-Output Ecological Economic Dalance Existance

Ry (X" + Ryp(x?) = I(x)c! < Lc", Roy(x') + Rop(x?) = I(x)c? < Lc?,
T4 D4y (x') + D (x2)) < Dyy(n') + Dy (72),

>|

u(D21(X1)+ Dyy (x%)) < Dyy(n') + Dap (n?),

>|

Hy(x') + Hy (x?) 2 y?,

the inequalities are true only in the case, when

10 =1L, %D(x) = D(7), Hy(x")+ Hy(x2) = y2.

Because

1-4 1-A
_TXZO,D _TXZO,
n-— (1 =—=—=x)

considering conditions putting into vector function D(x) , we get

1-A
A

n= X. (13)

In this case we also have
E=A"x (14)

It is shown by that way the uniqueness of the Neumann's ray for non-
linear model (3), that corresponds increasing tempo A~".

Thus, the main trajectory of sustainable development for non-linear ex-
panded model when non-linear model functions are non-negative steadily in-
creasing and linear homogeneous functions is determined in the paper. Also it
has been proved the existence of the Frobenius root for non-linear problem ac-
cording to eigenvalue and according to eigenvector.
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