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Abstract 

Non linear expansion of classic dynamic model (π-model) on ecological 
economic system case is proposed. It is outlined in the issue that main trajectory 
of sustainable development of such kind system exists when non linear model 
functions are non negative steadily increasing linear homogeneous ones. 
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Non linear model of input-output ecological economic balance was pro-
posed and the question of its non negative solution existence has been investi-
gated in [1]: 
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where 1x  – column vector of national product of the main production, 1y  – col-

umn vector of final production, 2x  – column vector of pollutants dispose by 

means of additional production (purifying devices), )( 1
11 хФ  – column vector of 

material production waists on product unit (direct material waists of the main 

production vector), )( 2
12 хФ  – column vector of material production waists in unit 

pollution damage by purifying devices, )( 1
21 хФ  – column vector of pollutants 

production by means of the main production, )( 2
22 хФ  – column vector of pollut-

ants production by means of additional production (pollutants dispose). 

Sufficient condition of non negative solution existence and uniqueness 
Тххх ) ,( 21=  obtains the form [1]: 

   .)( 21
21 ууФ ≥ (2) 

Dynamic linear model of input-output ecological economic balance model 
was proposed and the subject of main developments existence and uniqueness 
has been investigated [2]. This is expanded version of classic π-model [3]. This 
article deals with the following expansion which means the transition of dynamic 
input-output model of ecological economic balance on non linear case. 

It is proposed the following model of optimal ecologic economic develop-
ment: 
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where 01
0 >ξ  and 02

0 >ξ  are given vectors. 

In model (3): 1
tx  – vector of full production in the period t; 2

tx  – vector of 

pollutants utilized by purifying devices; 2
ty  – vector of pollutants in the environ-

ment (indisposed pollutants); 1
tξ  – vector of power in production; 2

tξ  – vector of 

power in pollutants dispose; 1
tη  – vector of power increase of producing indus-

tries; 2
tη  – vector of power increase of purifying devices; )( 1

11 txФ  – vector of 

material wastes in producing by basic production in 1
tx ; )( 2

12 txФ  – vector of ma-

terial wastes in purifying devices in case of pollutants utilization in 2
tx ; )( 1

21 txФ  

– vector of pollutants production in case of production 1
tx ; )( 2

22 txФ  – vector of 

the second pollutants production by purifying devices in case of pollutants utili-

zation in 2
tx ; )( 1

11 tηD  – vector of material wastes in additional increase of basic 

production power construction in 1
tη ; )( 2

12 tηD  – vector of material wastes in ad-

ditional increase power of purifying devices construction 2
tη ; )( 1

21 tηD  – vector of 

pollutants production of power increase of basic production in 1
tη ; )( 2

22 tηD  – 

vector of pollutants production in construction of power increase of purifying de-

vices in 2
tη ; )( 1

1 txH  – vector of technological outliers into environment by basic 

producer in the production process in 1
tx ; )( 2

2 txH  – vector of technological out-

liers of pollutants into environment by purifying devices in case of pollutants utili-

zation in 2
tx ; 01 >c  – vector of natural payment per one worker-producer, 

02 >c  – vector of issue of domestic contaminations per one worker-producer; 

)( 1
1 txf  – scalar function of economic effect of production in 1

tx ; )( 2
2 txf  – scalar 

function of economic effect of pollutants utilization in 2
tx ; )( 11

txl  – scalar func-

tion of labor resources wastes of products issue 1
tx ; )( 22

txl  – scalar function of 

labor resources wastes for utilization of pollutants 2
tx ; tL  – total number of 

workers in period t. 

Let us investigate a state of equilibrium for ecological economic system 
(1). Relevant stationary trajectory of intensity of equilibrium system is deter-

mined by increase tempo 11 >−λ , by Neumann ray 

), , , , , , , ( 2212121 LyηηξξxxX =  and obtains the form 
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Let us assume that all non-negative steadily increasing scalar and vector 

functions acted in model (3), that is )(1 ⋅f , )(2 ⋅f , )(11 ⋅Ф , )(12 ⋅Ф , )(21 ⋅Ф , )(22 ⋅Ф , 

)(11 ⋅D , )(12 ⋅D , )(21 ⋅D , )(22 ⋅D , )(1 ⋅l , )(2 ⋅l , )(1 ⋅H , )(2 ⋅H  are linear homogenous, 

thus:  

)()( xfλxλf =  when 0>λ . 

In this case if we substitute relation (4) into the model (3) for equilibrium 

position ), , , , , , ,  ,( 2212121 Lyηηξξxxλ  with capital T  we receive optimal prob-

lem 
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Taking into consideration that 10 << λ  (this special case is the subject of 

research) we have  
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and considering the fact that vector-functions )(11 ⋅D , )(12 ⋅D , )(21 ⋅D , )(22 ⋅D  are 

non-negative steadily increasing and linear homogeneous, we get  
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Let us introduce the following vector-functions  
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that are non-negative steadily increasing and linear homogeneous vector-
functions.  

It obvious, that 
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After multiplication of both parts of the inequalities on 0>λ  we get the 

following vector inequality 

,))()1()()()(( xλxDλxHxRхФλ ≤−+−+    (7) 

where vector-functions 
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are non-negative steadily increasing and linear homogeneous ones of vector ar-

gument Txxx ),( 21= . 

Thus, the problem of maximization of tempo increasing balance ecological 
economic system is considered to be such non-linear optimal model:  

0,),(   min, ≥≤→ xxλxλQλ ,    (8) 

where  

).()1())()()((),( xDλxHxRхФλxλQ −+−+=    (9) 

Let us consider in details vector-function )()()( xHxRхФ −+ , which is lin-

ear homogeneous one. If )(xH  indicates vector of sum technological outliers of 

pollutants into environment by basic production and purifying devices then from 
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economic point of view it is obvious that it is smaller amount of basic production 
of pollutants of industries, purifying devices and domestic contaminations Then 

vector-function )()()( xHxRхФ −+  can be non-negative. It our second assump-

tion concerning matrices )(хФ , )(xR  and )(xH  (we remind that our first as-

sumption was connected with linear uniform of analyzing scalar and vector func-
tions ). 

  In the work Solow, Samuelson [4] for the first time the non-linear problem 

about eigenvectors ),...,2 ,1)(,...,,( 21 nivvvHvλ nii ==  is investigated, where all 

iH  – linear homogeneous functions which are steadily increasing. In Morishima 

work [5] the following assertion is proved: 

Assertion. Let x  – n -dimensional vector T
nxxx ),...,,( 21 , 

T
nHHHH ),...,,( 21=  is also n -dimensional vector, and its very component iH  

is continuous function of x . If every function iH  is non-negative linear homoge-

neous function of non-negative argument 0≥x , than non-linear problem about 

eigenvectors  

nivHvλ ii ,...,2 ,1  ),( ==  

has solution in case of non-negative nvvvλ ,...,,, 21 , and vector v  can be chosen 

is a way that 

.1
1
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i
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In work [6] we can see such lemma: 

Lemma. Let us have nnλQ ×−)(  – matrix, in is definite, continuous on 

the interval [ ]21  , λλ , 210 λλ ≤≤ . Let 21  ,γγ  – Frobenius numbers of matrices 

)( ),( 21 λQλQ  respectively, and 2211  , λγλγ ≤< . Then the problem  

∑
=

=≥≤→
n

i
ixxxλxλQλ

1

1  ,0 ,)(  min,  

has unique solution ) ,( xλ , and: 

xxQ λλ =)( ; 

λ  – Frobenius number of matrix )(λQ ; 

x  – Frobenius vector of matrix )(λQ ; 

21  ,0 λλλx ≤≤> . 
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Using the consideration that lies on the basis of assertion and lemma we 
can use them concerning non-linear optimal problem (8)-(9). First of all, we put 

01 =λ  and 12 =λ . We have ),(),0( xDxQ =  )()()(),1( xHxRхФxQ −+= . They 

are Frobenius numbers correspondently 1  ,0 21 <> γγ . For vector-function 

)()1())()()((),( xDλxHxRхФλxλQ −+−+=  all lemma conditions act, is we as-

sume (this is the third assumption about )( ),( ),( ),( xDxHxRхФ , that vector-

function ),( xλQ  is productive for all 10 ≤≤ λ . Productivity means mathemati-

cally that its Frobenius number is strictly less then one. 

Thus, we can affirm that non-linear optimal problem (8)-(9) has unique so-

lution 0 ,1 ≥< xλ . 

Let us pass over to search of ecological economic system equilibrium (3). 

Let ) , , , ,( 2 Lyηξx  – is arbitrary vector which satisfies inequalities system 

in (5), which is the solution of the system in condition λλ = . We can demon-

strate, that from the conditions 10 << λ  and 0) , , , ,( 2 ≠Lyηξx  it is clear, 0≠x . 

From the system in (5) we have inequalities 

ηξλx
λ

λ
≤−≤

−
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1
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from where considering 0)( ≥ηD  we get 
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Because cxlxR )()( = , from (5), (11) we have 

Because λ  is the Frobenius number, that is clear, that (12) can be true 
only in the case, when x  is the Frobenius vector. It means, that in (12) inequal-
ity are transforming into equalities. We get from here 
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Because  
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the inequalities are true only in the case, when 
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x
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−
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In this case we also have  

.1xλξ −=  (14) 

It is shown by that way the uniqueness of the Neumann's ray for non-

linear model (3), that corresponds increasing tempo 1−λ . 

Thus, the main trajectory of sustainable development for non-linear ex-
panded model when non-linear model functions are non-negative steadily in-
creasing and linear homogeneous functions is determined in the paper. Also it 
has been proved the existence of the Frobenius root for non-linear problem ac-
cording to eigenvalue and according to eigenvector. 
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